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Abstract 

We consider a PT-symmetric cubic oscillator with an imaginary double well. We 
prove the existence of an infinite number of level crossings with a definite selection 
rule. Decreasing the positive parameter h from large values, at a parameter hn 
we find the crossing of the pair of levels (£' 2 n+i(N)-® 2 n(^)) becoming the pair of 
levels {E^(h), E~ (h)). For large parameters, a level is a holomorphic function 
Em{K) with different semiclassical behaviors, E^{h), along different paths. The 
corresponding m-nodes delocalized state dmlN behaves along the same paths as 
the semiclassical j-nodes states localized at one of the wells x± respectively. 

In particular, if the crossing parameter hn is by-passed from above, the levels 
-®2n-i-{i/2)±(i/2) (A have respectively the semiclassical behaviors of the levels E^{h) 
along the real axis. These results are obtained by the control of the nodes. There is 
evidence that the parameters hn accumulate at zero and the accumulation point of 
the corresponding energies is an instability point of a subset of the Stokes complex 
called the monochord, consisting of the vibrating string and the sound board. 
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1 Introduction 


The anharmonic oscillators are among the simplest non solvable models in quantum 
mechanics. In addition to presenting some connections with quantum field theory, 
their main interest mainly lies in the presence of diverging perturbation series and 
in the problem of their summability [T]. The latter is related to the existence of 
singularities of the levels as functions of the perturbation parameter. Since the 
family of Hamiltonians is analytic [2], such singularities are due to level crossings. 
The semiclassical theory provides good qualitative and quantitative results for 
lower parameter up to the crossing value [3H6]. The exact semiclassical method [7] 
has extended the results to larger, but not very large, values of the parameter 
BM- Such results are useful and complementary to the rigorous results we are 
showing here. Indeed we believe that only the nodal analysis, begun in the papers 
[IQHI3], can give a clear and exhaustive analysis of the level crossings, for which 
a generalization of the method of control of the zeros by Loeffel-Martin [T] as 
well as a generalized semiclassical theory are useful tools. Unfortunately, it is 
not easy to prove the existence of these crossings, and it is even harder to give 
the selection rule on the two pair of levels (at least) involved in a crossing. The 
first problem is the unique labeling of the levels. Rigorous results were recently 
obtained in m by different techniques. The present paper was announced in m 
and its purpose, as we said, is to produce rigorous results by a clear method based 
on nodal analysis and and making recourse to some physical notions. We will also 
make some hypotheses in order to extend the treatment and exhibit a complete 
understanding of the full phenomenon. 

Level crossings are forbidden in case of analytic families of self-adjoint Hamil¬ 
tonians [2]; also in the case of families of single well Hamiltonians with PT- 
symmetry [HElIlG] the absence of crossings was proved in [17(118] . Andre Martinez 
and one of us (V. G.) in the paper [13] have extended the proof of absence of 
crossings of the perturbative levels EniP), n E N, of the analytic family of single 
well cubic oscillators (l22]l . 

H{P) =p‘^+ x‘^+ i^/Px^, =-^, |arg(/3)|<7r 

with fixed domain D{H{13)) = D{p^) f] D{\x\^). The labeling of the states ipniP) 
and the corresponding levels EniP) is based on the n nodes as the stable zeros 
at /I = 0. In m the semiclassical method was also used, but the exact results 
of analyticity were mostly given by the control of the nodes of the states. Our 
program is to extend the analysis of the perturbative levels to the other regions 
of (3 where the complex potential presents a double well structure and where the 
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existence of crossings is expected. In the case of PT-symmetric double wells we 
expect to have level crossings for real h. We then continue the Hamiltonian H(/3) 
to the two sectors tt < |arg(/3)| < 37r/2, by using the complex dilations. By 
two possible changes of representation in the extended sense, with the parameter 
transformations 


/3^(/i) = exp(=Fi57r/4)3 (1) 

for TT < =parg(/3) < 37r/2 respectively (I20l2ip . we get the semiclassical family of 
Hamiltonians 


Hfi = + V{x), V{x) = i{x^ — x), h>0, (2) 

on the same domain D{p‘^) P|Ii)(|xp) for 

;iEC° = {^GC; ^7^0, |arg(;i)| <7r/4}. (3) 

The Hamiltonians Hfi for h > 0 are closed and PT-symmetric operators. Since 
the derivative of the potential V'{x) has two real zeros at x± = ±l/\/3, Hfi can 
be regarded as a double well Hamiltonian: it is indeed a peculiar double well 
without an internal barrier and we will see that for complex energy it is, actually, 
an effective single well Hamiltonian. 

Let us recall something about the real double wells. As a simple example, we 
consider a self-adjoint Hamiltonian with a double well potential as V (x) = (x^ —1)^. 
For P > H(0) = 1 we have a semiclassical regime of delocalized states, and for 
P < 1 we have a semiclassical regime of bilocalized states. Localized states in a 
single well can exist for complex h. We expect the existence of level crossings for 
almost real parameters h and energies near the critical energy given by the internal 
top of the potential, H(0) = 1. One indication of this fact comes from the presence 
of a logarithmic term in the separation distance of the levels US- 
Coming back to our case, the critical energy can be defined by studying the Stokes 
complex. Since we know the absence of singularities of the level Pn(^) for small \h\ 
in certain sectors m, we define two other types of levels for small > 0, by the 
analytic continuations of En{a) on the complex plane along arcs of circle of radius 
la], starting from a = > 0 and arriving to := exp(±z7r)Q;, respectively. 

We thus define the levels 

E^{h) := f^/^En{(y^)-, n G N, = exp(±i7r)/i“^/^, h> 0. (4) 

All such levels E^{h) are analytic continuations of the perturbative levels En{/3) as 
En{P^{h)) by the relations ([T]) and are extensible as many-valued functions to the 
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sector of the h complex plane. The large h behavior of the level Em(h) is studied 
using a different scaling that gives a new representation with the Hamiltonians 

K{a) = + W{a,x), W{a,x) = + ax), a G C. (5) 

The level Em{a), of K{a) is holomorphic on the sector, 

Cq, = {a G C, a 7 ^ 0,1 arg(Q:)| < 47r/5}, (6) 

but before the first crossing it can be analytically continued m as a positive 
function up to negative values by the relation, 

Emih) = h^/^Em{a), a = . (7) 

The levels Em{K) for large h are related to the perturbative levels by ([7|) and the 
behavior 

EmiP) ~ 13^^^Em{0) as /3 ^ +oo. 

All such levels Em{fi) are analytic continuations of the perturbative levels Em{P) 
and are extensible as many-valued functions, to the sector of the h complex 
plane. 

We give all the rules of the crossings in a minimality hypothesis which allows to 
simplify the notations. 


Hypothesis HI The number of crossings involving two given pairs of levels, re¬ 
spectively before and after the crossing, is minimal. 


As a result, the crossing parameter hn is unique. Both the levels E^{h), such that 


E+{h) = E-{h), 


( 8 ) 


are non-real analytic for small h > 0 and have the semiclassical behaviors 


E^{h) = ^i—— -|- \/±i^(2n -|- 1) ^ 0{f^) G Cq: = {z gC, > 0}. (9) 

3v 3 


Since all the levels are real for large h > 0, there exist hn > 0 such that the levels 
E^{hn) are real and equal because of ([8|). Thus, the first part of the crossing rule 
(Theorem 1) is proved. For the second part, at a fixed parameter /i > 0, we extend 
the states the state Tprn{x), x G M, as entire functions on the complex 

z = X iy plane. In particular, the state corresponding to a positive level 

Ejn is taken to be P^iT-symmetric, where 


PxfJmix + iy) = i’mi-x -b iy). 
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We now prove that for h < hn the n nodes of V’n (^) their only zeros in 

:= {z G C, ±^z > 0}, (10) 


respectively. At the left limit, h ^ h~, the union of the sets of n nodes of the two 
states becomes the Pa;-symmetric set of 2n non imaginary zeros of the critical 

state 'tl’n,n (Lemma 7). The state V' = '0n,n is completely P-asymmetric in the sense 
that the mean parity vanishes, (■0, Pip) = 0 (Lemma 9). At the right limit h^, 
the sets of 2n non imaginary zeros of both the new states, generically called 
are stable (Lemma 8). In Theorem 1 we show that for h> hn all the non imaginary 
zeros of the states ipm{P) are locally stable. The label m is the number of zeros 
(nodes) of the state V’m in C_ for large ^ > 0 (Lemma 1). The number of non 
imaginary nodes can be 2j, 0 < j < n. It is possible that no imaginary node or 
only one imaginary node does exist (Lemma 4). Thus 2n + 1 is the maximum 
value m. Since the two values of m must be different for the independence of the 
states, the maximum values of the pair of integer m is (2n, 2n + 1). If we consider 
the sequence of levels obtained by the crossings, the sequence of the maximum 
values is the only one compatible with the uniqueness of the state V’m for a given 
m. Therefore, for H > hn, the pair of independent states V’m(^), continuation of 
the pair of states '0)(^(li), is {ip 2 n{P), ip 2 n+i{P)) corresponding to the pair of levels 
{E 2 n{h), E 2 n+i{h)). Only the state ip 2 n+i{K) has an imaginary node. The levels 
are locally bounded as proved in Lemma 10. 

The crossing selection rule can also be given in simple terms. The two levels 
L' 2 n+(i/ 2 )±(i/ 2 )(^)) separated for h > hn, cross at hn > 0, becoming the two sep¬ 
arated levels E^{h) for h < hn- We call E'p^ the limit level at h = hn and V'nn 
the corresponding state. More explicitly, the crossing rule is given in terms of the 
analytic continuations (Theorem 2). The two functions p 2 n-i-(i/ 2 )±(i/ 2 )(^) j holo- 
morphic for large |^| , are analytically continued along the positive semi-axis for 
decreasing ^ > 0 by passing above the singularity at h = hn as, for instance, along 
a semi-circle of radius e > 0 and parameter 0 

h{0) — hn = eexp(z0), 9 G [0, tt]. 

They have respectively the two semiclassical behaviors E^{h) for small positive h. 
All the results presented so far have been rigorously proved. We now continue our 
investigation introducing some definitions and making some conjectures, arising 
on the basis of numerical results, that we believe useful for a full understanding of 
this specific problem. 

Definitions. Let h = 0. We call (vibrating) string the short Stokes line |12] . 
(sound) board the exceptional Stokes line |12] . Their union is a subset of the 
Stokes complex called the monochord. 
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Figure 1: The crossing process of the pair of levels E-j{h)) for h > h^, 

and the pair of levels Ef{h) for h < h^. A complex level E is represented by 
^E + AE. 

Conjecture Cl Let us fix h G and consider the state iJje corresponding to 
the level E. There exists the string, an arc of line where the nodes lie, and the 
board, a half-line where the other zeros lie. The string is the exact short Stokes 
line and the board is the exact exceptional Stokes line in the sense of the exact 
semiclassical theory [7]. The approximate monochord is exact at h = 0, and 
the approximated board is exact in case of a positive level Emih) at a positive 
parameter h. 

These notions are relevant in order to control the stability of the nodes for any 
h. The numerical results, reported in Fig. 4-7, support the conjecture Cl. A 
node can disappear by passing from the string to the board. On the other side an 
antinode can double after a crossing with a stationary point at a turning point. 
These events are possible when the string and the board come in contact. 

Conjecture C2 The standard sequence of nodes and antinodes of a state fim{h) 
with m nodes, [m/2] = n, for h 3> > 0 and suitable labeling, is the following: 

5'2n = (A-n-l, N-n, ■■■ ,A-2, ^-1, Aq, A^l, A 2 , .... ,iV„, An+l), 

5'2n+l = (A-n-i, iV_„, ... ,A_1, Nq, Ai, .... ,Nn, An+l). 

There exists a parameter hf > hn such that the antinode Aq of the state V’2n(h5j) 
coincides with the imaginary turning point Iq (Remark 1). There exists a param¬ 
eter fifii > hn such that the node Nq of the state fi 2 n+i{hn) coincides with the 
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imaginary turning point Iq (Lemma 4). This means that at the parameter and 
energy L^2n(^n) point of the board, Iq, touches the string. The same hap¬ 

pens at the parameter hn and energy L^ 2 n+i(^n)- Decreasing h, just below hf the 
imaginary antinode Aq of S 2 n doubles into the pair of non imaginary antinodes 
{A_i, A]), and just below hf, the imaginary node Nq of S 2 n+i disappears. Thus, 
the sequence of nodes of the state at the crossing, 

Sn,n = N-n, ... ,N-i, A-i, Ai, Ni, .... , Nn, An+l), 

and the sequences of the nodes of the states V’n (^) for h < hn are 

Sn = N-n, ■■■ ,N-1, ^-l), Sn = (^1, Ni, ... , Nn, ^n+l) 

respectively. 



Figure 2: h > K The approximate monochord of EqIJi) with the nodes 
and antinodes. 

Following the process of crossing for decreasing h, just after the crossing we have 
the breaking of both the string and the sequence of the nodes. The limit of the 
critical energies, ^ E‘^ is an instability point of the Stokes complex. At the 
energy E^ the exceptional Stokes line touches the short Stokes line [9], (Fig.l). 
We believe it is useful to try now to complete the picture of all the semiclassical 
behaviors of a level Em{h) in the complex plane. It is clear that for non-real h 
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Figure 3: h > h^. The approximate monochord of E'i{h) with the nodes 
and antinodes. 

other crossings of the same type are possible. Since the PT-symmetry is lost, we 
admit that the indexes j, k of the two levels undergoing crossing are different, and 
their sum j + k is not necessarily even. On the other side, at least one of the 
nodes of the state ^pj^k+l{K) must be unstable for the crossing of with a 

level Em, m < j + k + 1. The simplest possible generalization to the non-real h 
case is obtained if we assume that exactly one of the nodes is unstable as in the 
symmetric case, so that the level Ej^k^i{h) crosses the level Ejj^kih). 

Conjecture C2' The standard sequences of the nodes of the states '0j+A:(h), 
V’j+A:+i(h), for large \h\, with a suitable labeling, are respectively, 

Sj+k = {A-j-i, dV-j, ... ,A-2, N-i, To ,Ni, A 2 , .... ,Nk, Ak+i), 

Sj+k+i = (A-j-i, N_j, ... , T_i, No, Ai, .... ,iVfc, Tfc+i). 

There exists a parameter such that the antinode Aq of the state 'ifj+k{Kjk) 
coincides with the turning point of the board Iq . There exists a parameter hiF- ^ such 
that the node Nq of the state fc) coincides with the turning point of the 

board Iq. The sequence of the nodes of the state at the crossing is, 

^j,k = {di-j-i, N^j, ... T_i, Ai, Ni, .... ,Nk, Tfc+i), 

and the sequences of the nodes of the states 'ifj, are respectively 

S- = (T_,_i, N_j, ... iV_i, T_i), S+ = (Ti, A^i, ... ,Nk, A^+i) . 
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Figure 4: < h < h^. The approximate monochord of EqIH) with the 

nodes and antinodes. 


Again, if we follow the process of crossing for decreasing \h\, after the crossing we 
have the breaking of the string and of the sequence of nodes and the limit of the 
critical energies, E^{5) as n = [{j + k)/2] —)■ oo and 6n = {k—j)/n —)■ S , 

is an instability point of the Stokes complex. Thus, for complex parameter, the 
following crossings are possible: the two levels, F^j+fc+(i/ 2 )±(i/ 2 ) (h), {j,k) G , 
cross at hj^k £ giving two semiclassical levels E~{h) and E^{h) for small \h.\ 

If we assume, according to the Hypothesis H2 (to be more precisely formulated in 
the following), that no crossing different from the above ones is possible and if we 
use Hypotheses HI we obtain recursively the full picture of the Riemann sheets of 
the levels (Theorem 3). The level E^iK), well defined and holomorphic for large 
\h\, has different behaviors for h —)■ 0 along different paths tangent to the real axis 
at 0. Near the origin there exists a partition of C® into a finite number of stripes, 
ordered for increasing imaginary part, 

Qm,0 nm—1,0 om— 1,1 2,1 Ql,m— 1 Q0,m— 1 Q0,m q-\- 

’ ^m,0 ’ 1,0’ 1,1’ — *^l,m—2’ '^l,m—1’ 1’ '^0,m 

where the behavior of Em{h) is respectively expressed by the following semiclassical 
levels in the same order 

F-(h), Fo+(h), F-_,(h), F+(h), ... Fr(h), E+_,{n), E^{h), H+(h). 
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Re z ^ [h] 


Figure 5: hs < h < /i|. The approximate monochord of Ei{h) with the nodes 
and antinodes. 



-1 0 1 

Re z [h] 

Figure 6: 0 < h < h^. The approximate monochord of Ef{h) with the 

nodes, the antinodes, the zeros and the stationary points. 


10 








To conclude, we give a brief summary of the paper content. In Sec. 2 we deal 
with the behavior of the levels and of the nodes for large values of \h\. We prove 
a confinement of the nodes for large h > 0, the positivity of the spectrum for 
large h, the reality of the states on the imaginary axis and we also consider the 
instability of the imaginary node of the odd states. In Sec. 3 we study the 
behavior of levels and states in the semiclassical limit and we show that for small 
h > 0 the imaginary axis is free of zeros and the nodes are bounded. We prove 
then the total P-symmetry breaking at the crossing. In Sec. 4 we determine the 
possible quantization rules and we consider the Riemann surfaces of the levels in 
a neighborhood of the real axis of h. The general crossing rule and level Riemann 
surfaces are considered in Section 5. In the final Section 6 we introduce the string 
and the board, by which we determine the sequences of nodes and antinodes. 
We add two Appendixes concerning the semiclassical series expansions and some 
considerations on the numerical aspects. 


2 Behavior of levels and nodes for large \h\ 

The necessity of level crossing comes from the comparison of levels and states for 
large h and small h > 0. In this section we begin by investigating the principal 
features of levels and states for large h. 

(a) Analyticity and confinement of the nodes for large \h\ 

In order to fix the number m of nodes of a state ipm{K) for large \h\, we prove a 
conhnement of the nodes, so that the nodes are the only zeros in a certain region 
of the complex plane. For h > 0 large, it is convenient to use the representation ([5]) 
and the Hamiltonian K{a) so to have uniformly bounded energy and nodes. Let us 
consider the level .Fm(O), m G N, of Ar(0) = Ar(a = 0), corresponding to the level 
Emih) of Hfi at the limit of h = +oo according to ([7]). It is important to observe 
that the scaling given in ([7]) is regular, with a positive (although unbounded) scale 
A = that maintains the phases on the complex plane. Due to ([7|) the level 
Em{oi) is positive for a G M and |a|. We prove now a confinement of the nodes 
and of the other zeros. We translate the operator iF(0) by x —>■ x + iy, and we let 

Ky{0) = + i{x + iy)^ = + i{x^ - 3y‘^)x + y^ - Syx^ = + Vy{x) . 

We then apply the Loeffel-Martin method [1] to a level E = Em{0) > 0, with a 
state if: = V’m(O): 

poo 

-Q[ijj{x + iy)dx'iljix + iy)]= / QVy{s) \ip{s + iy)\‘^ds = 
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poo px 

/ (s^ - 3y^)s|V’(s + = - / {s^ - 2,y^)s\'4){s + iy)\^ds ^ Q 

J X J —oo 

for ±x > -\/3 \ y\, y G M. In this case we have a rigorous confinement of the region 
of the nodes 

Ca = {z = X + iy, y < 0, \x\ < —\/3y} C C_ = {z G C, ’^z < 0}. 

The same confinement extends to all a > 0 and we see that the m zeros of the state 
iprniot) on C_ are stable in the limit a —>■ +oo, namely they are nodes by definition. 
Previous computations of the nodes m suggest that the present confinement may 
be sharp. Since we know the analyticity of every level Em{f3) of H{f3) as long 
as the m nodes of the state 'ipmiP) are in C_, we want to look what happens at 
P = + 00 . In the case of the Hamiltonian H{I3) = + x'^ + i^/px^, /3 > 0, by the 

scaling x —)• Ax with positive A = we have 

H{P) ~ + ^-2/5a;2 + ix^) 

so that the level EmiP) of H{j3), has the behavior, 

EmiP) ~ l3^/^Em{^) as P ^ Too. (II) 

Thus, the operator K{0) gives the asymptotic behavior of the spectrum of both the 
family of operators H{fi) for /? —>■ +oo and the family of operators Hfi for h —>■ +oo. 
As the nodes of the state ipmiO) are in C_, the regularized levels j3~^/^Em{(i) are 
real analytic up to /3 = +oo [l3]. This means the absence of level crossings at 
a = 0. But a level crossing of Em{oi) is possible at a parameter a = a{m) < 0. 
Therefore the level Emia) is real analytic and the nodes of are in C_ for a 

in [a(m),+oo). At the same time, the level Em{K) is real analytic and the nodes 
of ipniiK) are in C_ for h in [^(m),+oo), a(m) = Thus, we state a 

result: 

Lemma 1 The level Em{h) is real analytic and all the zeros of in Co- as 

well as in C_ are its m nodes for h G [h{m), +oo), where h{m) > 0. All the other 
infinite zeros are in, 

Cb = {z = X + iy, y > 0, |x| < \/3y} C C_|_ = { 2 ; G C, ^z > 0}. 
Therefore the levels Em{oi) are real analytic for a G M for |q;| small. 

We will see that actually such zeros in C_b are imaginary. 
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(b) Positivity of the levels and reality of the states on the 
imaginary axis for large h> 0 


The level Em{ot), m G N of K{a) is analytic in a neighborhood of the origin 
U C C |13ll21j . Since it is real analytic for a < 0, it is real analytic also in 
C/IJM [T7]. The positivity of the real part of the levels comes from the numerical 
range and, in particular, from the kinetic energy 

'StErnia) = = {^m{a),p^^m{a)) > 0 , 

where is the corresponding normalized state. Also the level Em{K) is real 

analytic and positive for h > 0 large enough. Thus, we have proved: 

Lemma 2 Any given level Em{K) is positive for large positive h. We now extend 

the analysis of the analytic states on the complex plane. Let us consider y G R and 
the translation f{x) — f{x + iy), so that the PT-symmetric Hamiltonian becomes 
the isospectral PT-symmetric Hamiltonian 

Ph{y) = hfp^ + iix^ - (3y^ -b l)x) - (3yx^ - - y) ^ Hn- (12) 

The eigenfunction 'ijjn,yix) = 'tpn{x + iy) with real eigenvalue can be taken 
PT-symmetric on the T-Ly representation, 

PT'tpn,y{x) = 'Ipn^yi-x), (13) 

so that, in particular, 

V'n,y(0) = 'lpn,yW = 

Therefore, we have proved the following. 

Lemma 3 If the level Em, m G N, is positive then the state ifmiz) extended as 
an entire function on the complex plane, is PxT-symmetric, 

{PxT'ifrn){x + iy) = '4^m{-x + iy) = f’m{x + iy), Vx,yGR, (14) 

and the set of its zeros is Px-symmetric. In particular, for a choice of the gauge, 
the state is real on the imaginary axis, 

Qifmiiy) = 0, Vy G R. (15) 
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(c) The nodal analysis of the process of crossing 


Let us to fix > 0 large enough and let E = Emih) be a positive level of the 
Hamiltonian ([2]) with a corresponding state ipmiz)- Now, by the complex dilation 
z —>■ iz, we consider the Hamiltonian on the imaginary axis: 

HI = + V{y) ~ -Hn, V{y) = -y^ - y, (16) 


well defined by the condition on the x-axis, here playing the role of the imag¬ 
inary axis. The Hamiltonian has the same spectrum as —Hfi, so that —E = 
—Em{ti) < 0 is one of its eigenvalues (Lemma 2). The corresponding state 
(t’miy) = V'm(*y) can be taken real for y real. In particular, for y > 0 large, 
because of the two fundamental solutions and the reality property, we can write 


(pmiy) ~ 


c 

Vpo{E,y) 


cos{po{E,y) + 27ra), 


(17) 


with a C > 0 and where 


Po{E,y) = ^/y^ + y - E, oEM/Z. 


For —y > 0 large, we have a real combinations of the two fundamental solutions, 

C 

4>m{y) ~ —^===iexp{poiE,y)) + aexp{-po{E,y))), (18) 

VPo\H,y) 

with a C" > 0, po{E,y) = a/— — y -p e, a G M. We consider together the two 
states ipmiz), [m/2] = n G N, for a fixed h > hn- Both the states have n nodes 
on both the half-planes and are distinguished by the number of imaginary 
nodes for h > 0 large. The whole process of crossing for h > hn can be studied 
by the behaviors of the states ipmiz) with energy E = Em > 0, on the imaginary 
semi-axis, called the continuation of the board. 


B^{E) := {z = iy, -oo < y < y{E)}, (19) 

where the imaginary turning point is Iq = iy{E). This means that we consider 
each one of the two formal states i?i(y) := 4>m{y), of the representation (fTHll . for 
y < y{H). For h > 0 large, we have two possible behaviors of the state (p{y) of 
(di. Let us recall that for y in a open interval of the semi-axis —oo < y < y{E), if 
a state 4>{y) is positive then it is convex; if it is negative then it is concave. On the 
other side, for y > y{E) , where an eigenfunction </(y) is positive it is also concave 
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and where it is negative it is also convex. Since we can consider positive 
decreasing for y <C y{E), there are only two cases: 
i) the existence of one zero on B^{E), 
ii) the absence of zeros on B^{E). 

Let us remark that y{E) > 0 so that, by Lemma 1, a possible node on the imaginary 
axis should be in B^{E) for large > 0 . A state without imaginary nodes can 
have one or zero antinodes. We can state the result: 

Lemma 4 Let E{h), with h > 0, be a positive level with a corresponding PT- 
symmetric state ipih). When h is large enough the state ipih) can have one or zero 
imaginary nodes. 

For the existence of an imaginary node for large h > 0 we consider a state with 
labeling m = 2n + 1, continued to all ^ > /in > 0. An imaginary node is indeed 
unstable since it can cross the turning point Iq at a parameter hn > hn- For 
large h, a state V’(^) with an imaginary node has no imaginary antinodes and a 
a state 'ipih) without imaginary nodes can have one or zero imaginary antinodes. 
It is possible and actually necessary that at a parameter /i“ > Hn the imaginary 
antinode disappears and two non imaginary antinodes of V’ 2 n(/i) are generated. We 
clarify this fact by a simplified example. Let 'ip 2 n{z) = i{z^ jS — ez) + c, c 7 ^ 0. We 
have ip'iz) = i{z'^ — e) = 0 at the stationary points z± = and il^"{z) = 2iz = 0 
at z = 0 = Iq. For e = H^ — H > 0 there are two non-imaginary antinodes and for 
e < 0 there the only antinode —i\/\€\ in lower complex half-plane. 


3 Semiclassical limit, confinement of the nodes 
and the crossing rule 


We now study the behavior of the levels and the states in the semiclassical limit. 
From the comparison with the large h> 0 behavior we will prove the necessity of 
the level crossings. 

(a) From semiclassical to perturbation theory and semiclassical 
limit of the nodes 

Let h £ with \h\ small. Some transformations are necessary in order to use the 
results of m for the localized states. We consider Hamiltonian Hfi with two wells 
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at x± = ±l/\/3- We make the unitary translations centering on one of the wells 
or the other one, x = x± + y = y± l/\/3, getting the new Hamiltonians: 

± V3y2) ^ E, ^ = 

We make the suitable dilations in order to use the perturbation theory [13]. We 
put 

y = X^{h)z, A^(^) = exp(=pi7r/8)3“^/®\/^ (20) 

and we get 

r^hc^HiP^{h))TE ( 21 ) 

where 

= exp(=Fi57r/4)3“^/^fl, 

and where H{I3) is 

H{j3) =p^+ x^+ i-s/Px^. (22) 

Let us notice that the parameters (3^{h) are not in the cut plane 

Cc = { 2 ; G C; z ^ 0, I argz| < vr}, 

so that we cannot use all the results of m-, nevertheless we can use some of 
the results of [T 8 |. It is clear from the perturbation theory that we have the 
semiclassical behavior of the levels, 

E^{h) = ^iE + hc^{2n + 1) + h>0. (23) 

In the perturbation theory of Hamiltonian (|22p we have the relevant fact that in 
the semiclassical limit all the nodes of the state go to the short Stokes 

line [ —y/2n + 1, y/2n + 1 ]. In the semiclassical limit this corresponds respectively 
to the wells x± of the nodes of the semiclassical states 

Lemma 5 Both the states V’n (^) have n zeros tending to the points x±, respec¬ 
tively, as h^ . 

We will prove a stable confinement of the zeros of both the states V')^(^) in 
(HOI) respectively, so that such zeros coincide with the nodes. Thus, we will prove 
that no crossing between the levels of the same set {E“(/i}„eN or of the same set 
{E+(^}„eisj can occur, contrary to crossings of the levels of {E“(^)}„gpf with the 
levels of {E+(/i}„gf^ that are indeed possible. 
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(b) The confinements of the nodes and the crossing rule 

Let us consider h > 0 and a level E G C, with the corresponding state ipiz), 
and ipiiy) = 4‘iy)j ^^y € C. We transform the Hamiltonian ()16p by imaginary 
translations: 

Hnix) = + y{y- ix), 

V{y — ix) = {y — ix) + i'^V {y — ix) = —{y — ixfi — {y — ix) 

= -y^ + Sx'^y - y + + 1 ) - x^) 

where '^V{y — ix) = {x{3y‘^ + 1) — ) with level —E, for a fixed x / 0. We 

consider a state, 

4>x{y) = (f>{y-ix), n G N, 
with the well known asymptotic behavior (1 17p . 

(j 

4>x{y) ^—j====cos{po{E,w)+6), w = y-ix, y ^+oo, 
Vpo{E,w) 

for a C > 0, 9 G M/27rZ and 

\4>xiy)\‘^ = 0{\y\~^/‘^) for y^+oo. 

Since the dominant term is bounded and real, we have, 

^{^{y)dy(p{y)) -^ 0 , as y ^ +oo. 

We consider the Loeffel-Martin formula in order to generalize to our problem the 
expression of the imaginary part of a shape resonance: 

1*00 

^ {h^{y)dy(t){y)) =-^E j \(j){s)\‘^ds, '^y gR, (24) 

Jy 

where the integral in (I24p exists and is bounded for the semiclassical behavior. 
Thus we state the result: 

Lemma 6 Let us consider the non-real levels E^ifi) at a fixed value of the parame¬ 
ter h < hn- The corresponding states V’n (z) are different from 0 on the imaginary 
axis and, being entire functions, they are free of zeros in a neighborhood of the 
imaginary axis. Obviously, the width of this neighborhood is not uniform at infin¬ 
ity. 
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We next apply the LoefFel-Martin method [T] generalized to the case of diverging 
integrals: 


dy(l^x{y)] = 3 [^Va;(yo)5y<?^>x(2/o)] + 
ry 

/ (x(3s^ + 1 — x^) + —>■+ 00 , (25) 

Jyo 

as y —+00 for fixed yo) 3 : G K, x 7 ^ 0. We know that the zeros, for large \z\, have 
the asymptotic direction argz ^ tt/2 [T3]. Let E G C± be a non real level with 
state tpiz) of the Hamiltonian Hfi for a fixed h> 0. In the regions 

= {z = X + iy G C^, x^ < 3y^ + 1, y > 0}, 

for E G C± respectively, there are no zeros for large y. Let for instance 'isE > 0, 
yo > 0; by (f25]l we have the absence of a zero at (x, y) for 0 < x < 1 and y > y(x) 
for a function y(x) > yo- The function y(x) is not uniformly bounded for x small, 
but this is not a problem because of Lemma 6 . This means that the large zeros are 
on if Li G Cqi, respectively. In the limit oi h ^ h~ the energies E^{h) become 
positive, and the large zeros of become imaginary. We are then able to state 

a stronger condition on the asymptotics of the zeros: 

Lemma 7 Since E^{h) G Cip, the n nodes of the two states V’n (fi), near x± for 
small h, stay respectively in for all h < hn- Since the state ipnih.) is the 

only one to have n nodes in C+ (C“), the two functions E^{h) are analytic for 0 < 
h < hn- At the crossing limit, the two levels E^{h) with the states coincide. 

The state V’n n crossing is PT-symmetric and has 2n non-imaginary zeros 

conventionally considered the only nodes. The large zeros are imaginary. 

Proof We have, 'f’nih) = PTif~{h) for h < hn, and ^ V’n n —>■ , so 

that fjn^n — The state 'f’nih) has only n zeros in C+ and the state 'f’n{h) 

has only n zeros in C“. Since at the limit h ^ h~ these zeros cannot diverge 
or become imaginary, all the limits of the non-imaginary zeros of both the state 
'f’^{h) are all the non-imaginary zeros of the limit state V’nn- 
We say conventionally that the 2n non-imaginary zeros are the nodes of f^nn- 

Consider a state f^m{h), for h > hn having limit as h^ hfi- We have: 

Lemma 8 Let 'ifm{h), for h > hn, be a generic state having limit tpnn o,s h^ hif. 
For h > hn, f^m{h) has exactly 2n non-imaginary zeros, possible nodes, stable at 
hn. Taking into account the possible existence of one imaginary node, the number 
m of its nodes is not greater than 2 n -|- 1 . 
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Figure 7: /i = 0. The monochord, the subset of the Stokes complex, consist¬ 
ing of the short Stokes line (string) and the exceptional Stokes line (board), 
at the critical energy = 0, 35226... 

Proof For h > hn, both the states V'm(h) are PT-symmetric and the correspond¬ 
ing levels Em{h) are positive (Lemma 2 and 3). Because of the symmetry and the 
simplicity of the spectrum, a non-imaginary zero cannot become imaginary and 
an imaginary zero cannot leave the imaginary axis. Due to (I25p . a non-imaginary 
zero of tpruifi), with energy E = Em{E), can go to infinity along a path asymptotic 
to the imaginary axis at infinity. But at any fixed h > hn the state '4’m{h) has the 
following behavior in a neighborhood of the imaginary axis (ttZI), 

C 

tpmiz) = 4>miw) ~ cos{po{E, w)+a), w = y - ix, y ^ -hoo, 

\/Po{E,w) 

for a C > 0, po{E,w) = + w — E, a G M/Z, so that it is free of zeros for a 

small |x| / 0, X G M and y > 0 large enough. 

The number of non-imaginary nodes of both the states ipmih) is 2re as the state 
ipnn- non-imaginary zeros can go to the half plane C_ for large h > 0, 

as the nodes do. We know that only one of the imaginary zeros can be a node 
(Lemma 4). Thus, the maximum number of nodes is 2n-|-1, whereas the minimum 
number is 0. Because of the independence of the two states V'm(^) having limit 
V’O „ as h ^ , the maximal values of the pair of numbers m is ( 2 n, 2 n -|- 1). 

Actually, considering the sequence of pairs of levels Em{h) > 0 obtained by the 
crossings for large h > 0 , only the the maximum values of the pairs of number m. 
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Figure 8: /i=0. Instability of the monochord for a positive variation of the 
energy: E > E^. 

( 2 n, 2 n + 1 ) are compatible with the uniqueness of each level. Only the sequence 
of pairs, 

{Eo,Ei), (£^2,^3), (£4, £5), 

gives exactly the full sequence of levels £0, £1, £2, •••• The imaginary node of the 
state '02n+i(h) is always imaginary but can well coincide with the lowest imaginary 
zero of ip2n{fi) aX h = hn- 
Thus, we state the following. 

Theorem 1 For each n G N, there exists a parameter > 0 and a crossing at hn- 
The two levels £2n+(i/2)±(i/2)(^) separated for h > hn, and the two levels E^{hn) 
separated for h < hn, crosses at hn > 0 . The two states V’2n+(i/2)±(i/2) (E), h >> hn, 
have a set of 2 n non-imaginary nodes. 

Proof The existence of the crossings is necessary because of the positivity of 
the analytic functions £m(h) for large h > 0, and the non reality of the analytic 
functions E^{h) for small h > 0 . In particular, if seen from h < hn, we have a 
crossing between the levels £^(h) when they becomes real and equal. The crossing 
between the levels E2n{h), E2n+i{h) is possible because the stability of the 2n 
non-imaginary nodes of both the states V’2n-i-(i/2)±(i/2) (h) and the instability of 
the imaginary node of the state ■02n+i(h). Because of the £j;r-symmetry of both 
the states V’2n-i-(i/2)±(i/2) (h), they have n nodes in both the half-planes C^. The 
continuation to h < hn of the n nodes in are the nodes of the states 'ifniE) in 
C^, respectively. 
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Remark 1 The zeros on the upper half-plane for large h > 0 are all imaginary. 

This statement strengthens the confinement of the zeros for large ^ > 0 obtained 
above. It ensues from the result that all the non-imaginary zeros are nodes, and 
all the nodes are in the lower half-pane for large h > 0. 

Conjecture C3 The sequence hn has a vanishing limit for n —>■ oo. 

This conjecture is based on the semiclassical and the exact semiclassical theory. It 
is related to the conjecture that nHn and 2nhn tend to the action integral of single 
well and of double well J 2 {E^,{f), respectively, as n —)• oo 

disD, (ini). The instability of the nodes is related to the contact of the string with 
the board and the instability of the string aX, E = E^, h = 0. For the possibility of 
proving this conjecture by perturbation theory see |22II24] . 

Also the behavior of the isolation distance for large h and large n agrees with this 
conjecture. 



Figure 9: ^ = 0. Instability of the monochord for a complex variation of the 
energy: E ^ E. 

(c) The total P-asymmetry at the crossing 

We have seen that the states ifn = V'n(O) of Ff(/3) at fixed /3 = 0, have defi¬ 
nite parity: P'i/’n = (~l)”V’n- This means that IV’nP is P-symmetric, and the 
expectation value of the parity is {ijjn,P'f’n) = We want to prove that 

the state at the crossing, V’n = f’nifin), u E N, has vanishing mean value of the 
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parity, (V'Ji,-PV’n) = Oj so that it is totally P-asymmetric in the sense that V’n is 
orthogonal to Pipn- 

We have a crossing of E^{h) at h = when ^E^{h) = 0. For 0 < h < hn, the 

two clamped points of V’n respectively. At the crossing, we have Px 

symmetry of the turning points, so that /_=/+, Iq = ~Io- 

Let H = Hfi, = H = with two levels Ej = Ej and states 'ipj, j = 1,2. 

Then 

Hipi = Ei'lpi, H'lp2 = E2'4)2, 

so that 


{'lp2,H'lpi) = El {'lp2,1pl) = E 2 (^^2, V’l) 


(26) 


and, by subtraction 

0 = (P 2 - El) {'ipi,4>2) • 

Let now to vary the semiclassical parameter h, so that: 

o = iE2{h)-Ei{h)){Mf^),Mh)), 

for ^ > 0. If Ei{K) / E 2 {h) for h > hn, and £'i(/i+) = E 2 {hp^) 
^ 2 {hn) = V’) we have 


0 = (V’,V’) = (V')-PV’) = / 'ip‘^{x)da 

Jr 


E, -ipiiK) = 
(27) 


We have thus proved: 


Lemma 9 The PT-symmetric state at the crossing point, 

i’n,n = V’2n+l(/in) = V'n,n(/in) = 

is completely P-asymmetric, namely {ip'p P'lpn n) — 0- 

Considering the states as eigenfunctions of the Hamiltonian K{a), the state V’ = 
V’ 2 n+i is odd in the sense that it gives a negative mean value of the parity operator 
, {'ip,P'ip) < 0 tending to —1 in the limit a —)■ + 00 . Conversely, the state xp = xp 2 n 
is even since {xp, Pxp) > 0 and tends to 1 in the limit a —)• +00 . Thus, the crossing 
of two levels with states of opposite parities for large a, is possible. 
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Figure 10: h = The monochord at the semiclassical energy (0) = 
i2/3\/3, Vn e N. The string is the point /_ = Jq = a;_. 

4 The boundedness of the levels and the Rie- 
mann surfaces 

In this section we examine the possible types of quantization rules excluding the 
divergence of the levels. We then consider the properties of the Riemann surfaces 
of the eigenvalues in the neighborhood of the real axis. 

(a) The quantization rules and the boundedness of the levels 

There are two types of rigorous quantization rules for h > 0 giving the boundedness 
of the levels for bounded h. Moreover, there is another rigorous quantization rule 
for large h > 0. We have seen that there are two kinds of confinement of the 
nodes depending on two conditions for the energy; if the energy level satisfies 
the condition E G then the set of n nodes of the corresponding state V’ is 
confined on respectively. Thus, both the levels E^{h), h < hn, satisfy the 
unique conditions on the phase and on the nodes, do not cross and are analytic. 
We have two kinds of quantization rules for a fixed h < hn, giving the levels E^ 
and the states V'n • Ai h = hn, the two levels become positive and we have the 
crossing. 

Suppose there exist two continuations of both levels E^{h), n G N, from h < hn 
to h > hn- For the moment we maintain the same names E^{h) for the continua¬ 
tions of the levels, even if such continuations should be distinguished by different 
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labeling We know that both continuations of the energy levels are positive and 
both continuations of the states have n nodes in both C^. There exist two regular 
circuits 7 ^ such that 

Pxl~^=7~, = 

where are regular regions large enough, with 

C = {x + iy, ±x > 0, y G M} . 


and the exact quantization conditions read 


1 

2i7r 



ipiz) 


dz = n. 


We can better write 


J^{E,h) 



i/j'iz) h 

———dz H— 
i^{z) 2 


fi(n + i), 


(28) 


if ip{z) = ^p^{h,z) and E = E^{h) G respectively. 

In particular, for small h > 0, and fixed n G N, the quantization rules (f28|) become 
the semiclassical quantization conditions for E = E^{h) , 


J{E, ^ 

where po{E,z) = -sJV(z) — E, and the paths 7 ^ shrink around the short Stokes 
line. Both the quantization conditions (|28p at h = hn give the same solution E^, 
"0^, and for h> hn both give the both the solutions Em{h), ipmiE), [m/2] = n G N. 
We distinguish the two solutions by the selecting condition 


E2n+l(,E) ^ E2n{h)- 


(30) 


Therefore both functions Em{h) are analytic for h> hn- For a hxed, large h^ hn 
we have the exact quantization rules, 


J2{E,h) 



'/’{z) 2 


h(m + -), 


(31) 


where the solutions are. 


^/{z) = i/rn{h,z), E = Em{h), m = 2n or 2n + 1, T = T^ = 
and where C C_ is large enough in order to contain all the m nodes. 
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These quantization conditions (l28l) , (13X1) yield the boundedness and the continuity 
of the levels even at the crossing point hn- 


Lemma 10 (a) The two functions are analytic for h < hn- The two 

functions Em{h), [m/2] = n are analytic for h> hn- 

(5) Let E{h), he one of the two functions E^{h), n G N for h < hn with one of its 
two continuations Em{h), [m/2] = n for h > hn- The function E{h) is bounded 
and continuous on M+ and is analytic with a square root singularity at hn - 

Proof The point (a) is proved by the exact quantization conditions (1281) with 
the selection condition (f30]l for h> hn- 

We prove by absurd point(5). We assume the divergence of E{h) at h^ S> hn where 
the m nodes of the corresponding state are in C_. The extension to the general 
case is simple. We consider the operator, 


Hn - E{h) 
\E{h)\ 


^ h^ + ix^ 


i5x — r], 


by a scaling x —>• Ax, A = \E\^/^, where h = h\E~^/^\, 6 = \E\~'^H^ -q = E/\E\, 
\ri\ = 1. For small ^ > 0, by simply putting (i = 0, we have the semiclassical 
quantization condition, 


1 

2z7r 



fi(m + ^) + 


(32) 


where Tm = dLlm and all the m nodes are in Llm C C-- It is easy to see that (|32h 
can be satisfied only if ?? —)• 0 as li —)• 0. 


(6) The Riemann surfaces near the real axis 

Let us consider the sector ([3]) on the h complex plane, 

C*’ = {^ G C; ^ / 0, aig(h) < 7r/4}, 

and the Riemann sheet of the level Eni{h), n = [m/2], defined in C®, with a 
square root singularity at hn and a cut, 'yn,n = (0, lin ] • We prove the following: 

Theorem 2 The levels {E 2 n+i{h), E 2 n{h)) are analytic functions defined on the 
Riemann sheets (C5„. *^ 2 n+i) respectively, both of them having only the cutjn,n = 
{0,hn] on the real axis- The positive analytic functions {E 2 n+i{h), E 2 n{h)), with 
E 2 n+iih) > E 2 n{h) on (/in,+oo) take the following values at the boundaries of the 
cut: 


E2n{h±i0+) = E^{h), E2n+i{h±i0+) = Ef{h), y 0<h<hn- (33) 


25 




Proof Since both the functions {E2n+{fi) , E2n{fi)) have a square root singularity 
at hn, and 

E 2 n+l{f^n + f) ~ E 2 n{hn + c) = 0(\/e) > 0, 

for e > 0 small, 

±Q{E2n+iifin + exp(±i7r)e) - E2n{hn + exp(±i7r)e)) < 0, 
and (^) > 0) ^ we necessarily have, 

E 2 n+i{hn + exp(±i7r)e) = E'^{hn - e), 

E 2 n{K + exp(±i7r)e) = E^{hn - e). 


Remark 2 Let us consider the crossing process along a path starting from h = 0, 
turning around the singularity at hn and going back at h = 0. The state V’n (^) 
concentrated at at the beginning of the path, becomes the state V'n (^) con¬ 
centrated at x+. Now, we consider a path starting at large h > 0, turning around 
hn and going back to a large h > 0. An odd state '!/' 2 n+i(^) at the beginning of 
the trip becomes an even state ' 4 ’ 2 n{E)‘. the imaginary node of the lower half plane 
becomes an imaginary zero of the upper half plane. 

Remark 3 The Riemann sheet Cq of the fundamental level has only one cut 
7o,o = [0) ^o] on M [9], and the discontinuity on the cut is defined by the rule, 

Eo{h± iO’*') = E^{h), \/ h, 0 < h < ho- (34) 

We recall, for instance, that Eq {h) = EQ{h + iO), is defined as the limit from above 
for small h > 0. This definition extends directly to all > 0 in the absence of 
complex singularities. Formula (j34ji means that the absence of other singularities 
involving the function EQ{h) is possible. Thus, by using the Hypothesis HI, we 
assume that in Cq there is only the cut 70 , 0 - 

5 The general crossing rule for complex h 
and the Riemann surfaces of the levels 


We extend the study to the general case of G where it is more difficult to 
prove the selection rules. The potential V{x) = i{x^ — x) is PT-symmetric with 
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two wells at x± = ±l/\/3 respectively. Let us consider the parameter a along a 
line defined by a fixed c € M, {a = —r + ic, Vr > 0}. The corresponding line on 
the h complex plane, 

7 c = {/i = (r + r > 0}, (35) 

is tangent to the real axis at the origin.The choice of these kind of paths is arbitrary 
but is justified by the semiclassical analysis of the crossings in the a complex plane. 
For h in the line 7 c, c 7 ^ 0, we still have a double well but the PT-symmetry of 
the Hamiltonian is broken. For a fixed c 7 ^ 0 and a large r > 0 we expect the 
existence of the levels E^{K) and the j-nodes states 'i/jfih) localized in the x± well 
respectively |18] . Even if there are no crossings in 7 c for a c 7 ^ 0, with |c| small, 
it is clear that continuing the level E^{K) and the state up to r > 0 small 

enough, the state becomes delocalized and should change name. The delocalized 
states for \h\ large are called ipmiE) for an m > j to be specified. In this case, we 
expect that the continuation of is with anm> j to be discussed. On 

the other side, if we start with a iprniE), h ^ 'jc for a small r > 0 , if c > 0 is large 
enough, we expect to have no crossings for all r > 0 , and becomes 

for r > 0 large. 

We now consider the Riemann sheet of the level Em{K) for large \h\ and continued 
on all the sector E C^. We always assume the minimality condition on the 
number of crossings (Hypothesis HI). Thus we extend the result of Lemma 9 end 
we assume. 

Hypothesis H2 The generalization of the crossings to non positive h and different 
indexes {j,k) E is the natural one. On one side Ejj^k{K) crosses Ejj^k+i{K) and 
on the other side E^{h) crosses Efffh) at the same parameter hj^k £ 

The Hypothesis H2, difficult to prove, is the simplest generalization of Theorem 
1 concerning the case of j = k = n for positive hn,n = tin > 0. We will see 
(Theorem 3) that with this rule we can have a minimal structure of singularities 
(in agreement with Hypothesis HI). 

We define the Riemann sheet of the eigenvalue Em{h), m E N, holomorphic for 
large \h\, with the minimal number of branch points and cuts for small \h\. 

We call 7 ± the boundary lines of the sector 7 ± = \/SM+. Because of the 
results of m, we have the identity of two definitions at each side: Em{ti) = Ei^fh) 
for h G 'y± respectively. 

Let us consider the Riemann sheet Cq of Eo{h), with only one positive singularity 
^ 0,0 = tiQ as proven before (Theorem 2). The cut on the positive interval 
7o,o = ( 0 , fio] separates the behaviors of Po(^) defined by E^{h) as —)• 0 in 

sectors S’q'q, that is for > 0 , respectively. 
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The sheet of Ei{h) has the same positive singularity at with the following 
behavior on the boundaries of the cut 70,0 = ( 0 , /lo] (Theorem 2 ): 

£'i(^ + i 0 +) = Ei{h-iQ'^) = E'^{K), ^ G 7 o,o = ( 0 ,/lo]- ( 36 ) 

In order to have the correct behavior as ^ 0 at the boundaries of the sector, 7^, 
it is necessary the existence of the other pairs of complex conjugated singularities 
^1,0) ^0,1 with cuts on suitable arcs of lines, 71,0, 7 o,i) of the type (f 35 ]l from the 
origin to respectively, so that we get the full sequence of singularities 

^ 1 , 0 ; ^ 0 , 0 ) ^ 0 , 1 ) 

ordered by increasing imaginary part, and the corresponding cuts, 

71 , 0 ; 7 o,o, 7 o,i- 

The behavior of the function Ei{h) as li —)• 0 on the stripe 5 °’q between 71^0 and 
7 o,o is given by the function called EQ{h). The behavior of the function Ei{h) as 
0 on the stripe 5 q q between 70,0 and 70,1 is given by the function called 
EQ{h). The behavior of the function Ei{h) as li —)• 0 on the stripe between 

7o,i and 7+ is given by the function called E^{h). The behavior of the function 
Ei{h) as ^ 0 on the stripe 5 °’^ between 7_ and 71^0 is given by the function 

E^{h). In particular 

Ei{h±i{)-^) = E^{h) V^G7i,o; Ei{h±i^-^) = Ef{h) V^G7o,i. ( 37 ) 

Thus, the possible crossings defined by the parameters ^0,1; ^1,0 (Hypothesis H 2 ) 
are necessary and sufficient in order to have the simplest Riemann sheet of Ei{K). 
We see that Hypothesis HI justifies Hypothesis H 2 in the sense that this is abso¬ 
lutely the simplest Riemann sheet of Ei{h). 

The sheet C2 of E2{h) is given by adding the singularities h2fl, ^0,2, and substituting 
hofi with because of the Theorem 2 , so that we get the sequence of singularities 
on C2, 

^2,0) ^1,0) ^1,1) ^0,1) fk), 2 - 

We see that the crossings defined by the parameters ^2,0; ^0,2, are necessary and 
sufficient for the self consistency of the sheet E2{K). 

In the case of the sheet C3 of E^{h), we still have the singularities ^2,0) ^o,2) but 

the singularities hifl, are substituted by the singularities Ii2,i, ^1,2 respectively. 
This substitution is necessary because of the rule (l 37 |) . and in order to have the 
definite behaviors E^{h) in the stripes S'2’3 and respectively. Moreover, 


we have to add the new singularities /i3,0)^o,3 so that we get the the sequence of 
singularities on C3, 

^ 3 , 0 ) ^ 2 , 0 ) ^ 2 , 1 ; ^ 1 , 1 ; ^ 1 , 2 ; ^ 0,2 ) ^ 0 , 3 - 

Thus, the singularities at the values ^2,1, 2, ^3,0; ^0,3 are all necessary, and to¬ 
gether with the previous ones, sufficient for a self consistent sheet of Hence 

all the crossing corresponding to the values hj^k with 0 < j -|- A: < 3 are necessary 
and sufficient. 

Going on, we get the general sequence. The sheet of Em{h), m > 3 , has the 
expected sequence of singularities {hj^k}j,k ordered by the increasing values of the 
imaginary part, 

fimfli 1,0) 1,1) 2,1) —) ^1 ,m —25 ^l,m—1? ^0,m—1? ( 38 ) 

where each one of the two indexes follows the rules of decreasing of an unity the 
first index or increasing of an unity the second index alternatively, starting from 
the first index. We expect that the crossing parameters hj^k with j + k = m are 
almost aligned along a vertical line, as the hj^k with j+k = m—1 are almost aligned 

along another vertical line. Actually, the parameters hj^k with j + k = m — 1 are 

near the parameter kF- ^ with j -|- A: -|- 1 = m where a node of coincides with a 
turning point Iq. Hence all the crossing corresponding to the parameters hj^k with 
0 < J + A: < m are necessary and sufficient. 

Theorem 3 By the Hypotheses HI, H 2 , we get the full picture of the Riemann 
sheets. Let us consider the function Em{h), holomorphic for \h\ large. The sector 
for \h\ small is partitioned in stripes, ordered by increasing imaginary part, 

Qm,0 om—1,0 om—1,1 2,1 Ql,m—1 Q0,m—1 Q0,m q+ 

1,0’ '^m—1,1 ’ —’ '^l,m—2’ *^l,m—1’ *^0,m ’ 

respectively separated by the cuts in the same order, 

Tm,05 1,0? 'ym—1,1-) 'T'm,— 2,15 —5 Tl,w -—15 T 0 ,m —15 T0,m5 

where a cut is the arc of a suitable curve 7 c from hj^k to the origin, where it 
is tangent to the real axis. The behavior of the function Em{h) for h ^ 0 in the 
different stripes is expressed in terms of the levels, 

E-{h), E+{h), E-_,{h), Etih), ..., Ef{h) E+_,{h), E^{h), E^h), 

respectively in the same order of the stripes. 

Thus, we have given a consistent picture of the minimal structure of the Riemann 
surface of the level Ejn{h) free of cuts for large, but containing the set of branch 
points and the corresponding cuts, 

{7i,fc}(i,fc)eN2 • (39) 
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6 The string, the board and the sequence of 
the nodes 

In this final section we extend the analysis of the process of crossings expressed by 
the conjectures Cl, C2, C2', and Hypothesis H2. 

In order to introduce the notion of string by a simple example, let us consider the 
harmonic oscillator (|22p . H{ 0 ) = + x'^. In this case we have four Stokes sectors 

in the complex plane: 

Sj={ 2;GC, I arg(z2;) - 2j7r/4| < 7r/4}, j =-1,0,1,2. 

Given a level E = En = (2n + 1), n € N, with the corresponding state 'i/’n, with 
a set of n nodes {iVj}, j = 1, ...,n and n + 1 antinodes {A^}, A: = 1, n + 1 on 
the string a = [/_,/+], where I± = E^/E are the turning points. In this case, 
the string coincides with the short Stokes line m- As it is well known, the nodal 
sequence of the state V’nj naturally ordered as the real numbers, is the standard 
one, 

Sn — {Al, Ni, A2, ■■■Aji , Nrn ^n+l) £ < 7 - 

In the Stokes complex, X2{E), there are also two anti-Strokes lines [/+,+oo), 
(—oo,/_] representing the two half-lines where the string is clamped. The union 
of the string with these two semi-axes, is the extended string, cj® = M. All the 
Stokes and anti-Stokes lines on M are exact, despite the fact that the Carlini 
corrections (1451) are non vanishing. In this case, the board is absent. Now, we go 
back to the case of the cubic oscillator. We have five Stokes sectors in the complex 
plane: 

Ej = {z eC, I arg(zz) - 2j7r/5| < 7r/5}, j = -2, -1,0,1,2. 

We consider a level E = E~{h), n E N, for a fixed 0 < h < hn- The corresponding 
state V'n (h) is localized about the single well x_ = —1/\/3- The Stokes complex, 
AsPl?), contains a subset locally and topologically similar to the harmonic complex 
X2{E), disconnected from the rest of X3{E). The extended string cj® is a regular 
line going from the sector S'-! to the sector ^i. The nodes and antinodes are in 
the string a, the arc of the extended string going from the point /_ to the point Iq. 
The extended board is a regular line, and the board H is a half-line contained 
in B^, going from ioo to the inversion point /+. Increasing h up to the level 
crosses the other level E^(h) and Iq comes in contact with the board B. 

For h > 0 large, in the case of a positive level Em, m E N, the extended board 
B^ is the imaginary axis, and the board is the semi axis B = [Io;+*oo)- We call 
continuation of the board the semi axis B^ = B^ — B= {—ioo, Iq ]. The exceptional 
Stokes line is not only an approximation of the board but coincides with it. The 
extended board coincides with the imaginary axis (Remark 3). 
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The extended string is always a line going from the sector 5_i to the sector Si. 
The string is the arc of the extended string with end points I±. We have always a 
sequence of infinite zeros and of stationary points on the board B. 

Let us fix ^ > 0 small and consider the level E = E~{K) with the corresponding 
state V' = V’n (^)) and its string a~ with the standard sequence of nodes 

Ef—n ,A—n,...A—2, IV—1, l) £ <7^ • 

On the board we have the standard sequence of zeros and stationary points Zj, Z'- 

J 

of the state 

=(-^0) -^0, -^1) ••••) ^■ 

Also the other state V’n ^as the standard sequence of nodes 

= (Ai, A^i, A2, ...Afi, Nfi, A^+i) G '^n 1 
and the standard sequence of zeros 

Z+ = (Z', Zo, z[,....)gb^. 

The sequences of nodes of the strings S~{h), S^{h) are stable and isolated from 
other zeros up to the crossing limit. 

At the crossing, for h = hn, we have the single level 

K,n = En{K)=En{K), 

and the single state V'n n with the string a'^ ^ given by the union of the limits of 
the strings At the limit, an arc of the board of il)~ between the points 

(/+, Jo) becomes the string of , and analogously for the exchange of + with —. 
Thus, the exact short Stokes line becomes the union of the two strings with the 
singular point Iq. Therefore the crossing state has the non standard sequence of 
nodes 


nc 

^n,n 


— (A— n— 1 


Ef—nt A_yj, 


... A_o, A^—i, A_i 


Al, A^l, A2, ... An, Efn, A„_|_i) G (T, 


n,n) 


and the sequence of zeros on the board 


(40) 


En,n — (Eo, Z'q, Zi, ....) G Bn n- 

Moreover, for a parameter hn, close to hn from above, there is a bilocalized state 
V’2n+i’ with the sequence of nodes; 
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^2n+l — (^-n-1, -^-n, ^-n, •••, ^-1, ^-1, -^0 — h, 

^1) -^1) ^2) ••• ^n+l) £ '^2n+l’ (41) 

For a different parameter /i“, near we have a state V’fn with the sequence of 
nodes, 

^2n = i^-n, -/V-n+l, •••, iV-1, 2l_i = Iq = Ai, Ni,..,Nn, An+l) £ 

where the antinodes A±i are the limits of the stationary point Z'q and the antinode 
Aq. 

Now we look at the crossings for complex h. Let us fix h G C®, with \h\ small, 
and consider the level E = E~{H) with the corresponding state V’ = and 

its string a~ with the standard sequence of nodes, 

SJ- = (A-j-i, N_j, A_j, ... A_2, JV-1, ^-i) G (T-. 

On the board there is the standard sequence of zeros and stationary points Zi, Z[ 
of the state: 

Z- = {Z'^, Zo,,z[, ....)gb-. 

Also the other state has the standard sequence of nodes 

<5^ = (^1, Ni, A 2 , ... Ak ,Nk, Ak+i) G , 
and the standard sequence of zeros 

Z+ = (4, Zo, ....)GB+. 

The sequence of nodes of the strings S~{h), S'^{h) are stable and isolated from 
the other zeros up to the crossing in agreement with the semiclassical quantization 
condition and the analyticity. Ej f., and the single state ipj k- The crossing state 
has the non standard sequence of nodes, 

iV_„ A_j, ... A_2, iV-i, A-i, 

Ai, Ni, A 2 , ... Ak, Nk, Ak+i) G (42) 

while the sequence of zeros on the board is 

Zl^ = [Zo, z',Zi, ....)gbi,. 

Moreover, for a parameter close to hj^k-, there is a bilocalized state V'j+fc+i) 
with the sequence of nodes: 
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iV_„ A_,-, iV_i, A_i, No, 

Ai, Ni, A2, ... Ak, Nk, Akn+i) £ cr^+fc+i) (43) 

where Nq = /q is the limit of a zero Zq on B. For a different parameter near 
fij,k, we have a state with the sequence of nodes, 

= i,A-j, ... yl_i = yli, A^i, .. Nk, Ak+i) G cr“_,_^, 

where one of the antinodes A±i = Iq is the limit of the antinode and the other 
is the limit of the stationary point Zq as —)■ 


7 Appendix A. The Riccati equation and the 
semiclassical series expansion 


In order to define the exact Stokes complex and, in particular, the monochord 
consisting of the string and the board, we recall the Carlini semiclassical series 
expansion. We consider a Stokes sector of the complex plane far from the turning 
points and we express two fundamental solutions of the Schrodinger equation, 


(IiV + pI{z))'iI’{z) =0, = -^, p^{z) = V(z) - E, 

in the form, 

tpiz) = exp(^^ j ph{w)dw^ , 

where ph{z) satisfies the Riccati equation. 

Phiz) + fip'hiz) =pI{z), pI{z) = V{z)- E. 

We solve formally by the Carlini series 


(44) 


Phiz) ~ '^Pniz)h^, 

n 

where the coefficients are computed recursively starting from the two definitions 
of the classical momentum, poiz) = {z) — E, 
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Pl{z) 

Pn{z) 


¥o{z) 

2p(i{z)' 

^ n—1 


n = 2,3,.. . 


(45) 


Defining 

pn{z) = P^{z) + hQ^{z), X = 
we get the equation for Pxiz), 

Px(^)-Poiz) =-xiQliz)+ Q'^{z)), where Qxi^) = (^6) 
We thus have the equivalent expression of the solutions 

ih{z) = — , exp (- [ Py(w)dw\ 

where the Riccati solutions PPx{z) have the even part of Carlini expansions 

N 

Px i^) ''^^x¥ 2 jiz) with truncations Px(^^^^¥P2j{z). (47) 

jeN j 

Actually, we associate to the asymptotic expansion the continued fraction, as its 
formal sum, 


Px(^) = Poi^) + XP 2 {z)/{l - x{Pi{z)/p2{z))/..) (48) 

In particular, we have the Fade [1,1] of the series (I47)l . 

pRi](^) =pQ{z)+xP2{z)/{l-x{Pi{z)/p2{z))), 


where 


^ _ 9o(^) + (lo{z) ^ _ (^Qoiz)q2(z) + q'2iz)) - pl{z) 

P2\Z) n f \ ’ P4:\Z) , > 

2po{z) 2po{z) 

and 

^ 2po(^) 4p2(^)’ j 2po(z) 2pliz) ’ 

where q 2 n = P 2 n+i- 
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At the limit of the turning points, the coefficients of the Carlini expansion are 
singular, but the diagonal Fade approximants are regular. 

We recall that each Stokes line is defined by a turning point as starting point and 
the condition on the field of directions dz given by, 

pl{z)dz‘^ < 0 . 

The exact Stokes and anti-Stokes lines are dehned by the turning point as starting 
point and the conditions 

P^{z)dz‘^ < 0, (49) 

on the field of directions respectively. At a given approximation we treat separately 
a neighborhood of the each turning point, linearizing the potential and approxi¬ 
mating the beginning of the Stokes lines by the Airy solutions. This neighborhood 
should shrink to a point in the limit of exact approximation. 

Remark 4 Let us consider the Hamiltonian m- A positive level Em{K), corre¬ 
sponds to a negative eigenvalue E = —Em{fi) of (fT6t) . The imaginary axis appears 
as the real axis in the representation (I16p and coincides with the extended board. 
And the board coincides with the exceptional Stokes line. Actually, in the repre¬ 
sentation we have the reality of all po{y), and {y) for all € N, so that 
the board is on the imaginary axis. 


8 Appendix B. Numerical aspects. 


We discuss some numerical results about the instability of the Stokes complex at 
the critical energy. In particular, for h = 0, we consider the monochord consisting 
of the string (the short Stokes line) and the board (the exceptional Stokes line). For 
h > 0 small, we consider the approximate monochord consisting of the approximate 
string (the short Stokes line) and the approximate board (the exceptional Stokes 
line). In case of positive energy and positive parameter, the approximate board is 
actually exact. The short Stokes lines computed are good approximations of the 
corresponding strings because the nodes and antinodes appears to lie in it. The 
results are in agreement with the conjectures Cl, C2. 

Consider first some facts occurring at h = 0. The energy E’^ = 0,352268.. is a 
critical point of the monochord. When E — E^ > 0 is small, the string is a regular 
arc of a curve (Fig. 2) separated from the board. Small variation of the energy 
E'^ on the complex plane can yield the separation of one half of the string, which 
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n 


E/ 

3 

0.0558 

0.35200 

4 

0.0438 

0.35209 

5 

0.0306 

0.35218 

6 

0.0236 

0.35221 

7 

0.0130 

0.35223 


n 

fea 

K 

3 

0.0615 

0.35317 

4 

0.0473 

0.35287 

5 

0.0323 

0.35261 

6 

0.0247 

0.35244 

7 

0.0133 

0.35235 


Table 1: The values of (left) and the values of (right) for 

3<n<7 


becomes the new string, where the other half string remains attached and becomes 
an extension of the board (Fig. 3). For E^{0) = =pz2/3\/3, Vn G N, the strings 
are the points I± = Iq = x± = ±l/\/3, respectively (Fig. 4). 

For h > hn and positive energy E = Em{E), [m/2] = n, the board B{E) is a half¬ 
line on the imaginary axis and the string is Pa,-symmetric. In the semiclassical 
limit, for a diverging m{h) such that 

Em{h) (h) ^ E as h —)• 0"^ (50) 

the string at the energy E is the semiclassical localization of the state V’m(K) (^) 
the same limit (I50h . 

In Fig. 5 the trajectory of the spectrum about the crossing at is represented. 
The complex levels are given by ^E -|- 'isE. 

In Fig. 6 we show the nodes and antinodes of the state '/) 2 n{z) with energy E 2 n 

at a hxed h > h'/^. In the same hgure we also add an imaginary zero Zq and an 

imaginary stationary point Zq of 'i/> 2 n{z) in the board B{E 2 n)- 

Fig. 7 illustrates the nodes and antinodes of the state V’2n(2) with energy E 2 n at 

a parameter h > In the same hgure we also show an imaginary zero Zq and 

an imaginary stationary point Zq of V’2n(-z) on the board B{E 2 n)- 

At the value h = /i“ of the parameter the imaginary antinode Aq of the state V’2n(h) 

coincides with the turning point Iq and the stationary point Z[. At a parameter 

h > hn, h < the sequence of nodes of V’2n(^) is the same as the critical state 

at the crossing 'tp'/ See the Fig. 8 for n = 3. 

For hn < h <hP/i the sequence of nodes of 'ip 2 n+i{h) is the same as the critical state 
at the crossing ip!/ See the Fig. 9 for n = 3. 

For 0 < li < hn, the n nodes of ipn{h) are near the approximate string. Fig. 10. 
Near the crossing, for \h— hn\ small, the part of the string near the turning point 
Iq is difficult to follow numerically. The reason is in the breaking symmetry at 
h = hn- We have disregarded this part of the string in the Figures 7, 8, 9. 
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At h = hn, the imaginary node of the state V'2n+i(^) coincides with the imaginary 
turning point, A^o = Iq, while at h = the imaginary antinode of the state 
V’2n+i(^) coincides with the turning point, Aq = Iq. 
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